In this paper, the main features and performances of a new numerical scheme, ILILPM (Improved 
INTRODUCTION
The modeling of unsteady flow in rivers, in open and closed conduits, or more generally in one-dimensional water bodies, is a useful tool in numerous applications, such as flooding vulnerability evaluation, sewers and drainage systems design, river training, inland navigation, and dam-break flows in narrow valleys. Water flow in onedimensional water bodies can be described by means of the so-called De Saint-Venant equations, which are obtained under the hypothesis of gradually varying flow, hydrostatic pressure, small bed slope, negligible vertical accelerations, and uniform velocity in the cross-section (Cunge et al. ) :
The meaning of the symbols used in Equation (1) is the following: x ¼ space independent variable; t ¼ time independent variable; h(x,t) ¼ water depth; Q(x,t) ¼ flow discharge;
A(h,x) ¼ cross-section area; q(x,t) ¼ lateral inflow; v(x,t) ¼ component along x of the inflow velocity; z b (x) ¼ bed elevation; J(Q,h,x) ¼ friction slope; g ¼ gravity acceleration;
I 1 (h,x) ¼ first moment of the cross-section with respect to the free-surface level; I 2 (h, Saint-Venant equations is a limiting factor that may slow down the search of optimal or nearly optimal solutions.
The same happens when real-time flood simulation is considered: the numerical propagation of the flood is often accomplished in a time that is too large, and then it is useless for realistic forecast applications. 
This system of equations, which is parabolic in nature, retains many of the De Saint-Venant equations' characteristics (dependence on both upstream and downstream boundary conditions, wave propagation with attenuation due to friction), but can be solved with less computational effort. For these reasons, Equation (2) is preferred for channel design optimization, real-time forecasting applications and management problems (Litrico et al. ) .
The first and second equation of (2) can be combined obtaining the new system of equations (Cunge et al. ) :
where the coefficients C and D are defined as follows:
The meaning of the symbols used in Equations ( The feasibility and the accuracy of the numerical scheme are proved by means of numerical test cases, also taken from the literature, which are used to define its limits and merits.
The paper is organized as follows: the basic PAB scheme is briefly recalled, before the improvements proposed are introduced. The ILILPM scheme is then demonstrated with numerical tests, before final conclusions are presented.
BASICS OF THE PARABOLIC AND BACKWATER SCHEME
We observe that the first of Equation (3) (c) The discharge Q is routed along the channel using the first of Equation (3), with the values of C and D calculated in point (b) above.
(d) The new discharge distribution is used as initial condition for the subsequent time level t kþ1 ¼ t k þ Δt.
Analytical solutions of the first of Equation (3) Δt, the flow Q( j, k) across section x j and averaged over the
The function entering the j-th reach during the time interval
with
and
where (see Cimorelli () for a proof)
In Equations (7) and (9), N ð Þ is the Normal Standard
Distribution.
The use of analytic solutions for the first of Equation (3) confers unconditional stability to the scheme: in this case, Despite the fact that the choice of calculating the depth profile using the second of Equation (3) is congruent with the Diffusive Wave approximation, in Todini & Bossi () the full energy equation
is used. This choice can be motivated as follows:
• During steady flow conditions, the exact solution of the full de Saint-Venant equations is recovered.
• Inclusion of the velocity head is congruent with the presence of the momentum flux in the hydraulic jump equation, used when mixed flow conditions appear (see the following section).
In the original PAB method, the backwater curve, about which the first of Equation (3) is linearized at each time step, can be then evaluated solving the energy equation via the
Standard
Step Method (Henderson ):
The basic PAB scheme, as it has been described in this section, is able to cope only with free-surface subcritical conditions, in a single channel.
ILILPM: IMPROVED LOCALLY AND INSTANTANEOUSLY LINEARIZED PARABOLIC MODEL
In this section, the basic PAB method is extended in order to consider mixed regime flow and pressurization of channels in tree-like networks.
Extension to supercritical and transcritical flow regime
As discussed in the previous section, in existing versions of the PAB algorithm the water depths along the channel are evaluated solving the energy equation at the beginning of each time level, in subcritical conditions: a general method to compute water surface profile in mixed supercritical-subcritical flow regimes could provide a significant improvement to the basic PAB scheme. In this work, the water surface profile in a mixed flow regime is calculated using the algorithm described by Brunner (), where Equation (10) is used for supercritical and subcritical computations, separately, while the conservation of discharge Q and total momentum
are imposed through hydraulic jumps. In the following, we denote with M sp the total momentum corresponding to supercritical conditions, while we denote with M sb the total momentum corresponding to subcritical conditions.
The surface profile algorithm used in this paper can be summarized as follows:
(a) Given a boundary condition in a downstream control section, solve Equation (10) The procedure depicted collocates the hydraulic jump between two computational cross-sections.
Extension to pressurized channel
In this paper, a fictitious Preissmann Slot (Preissmann ;
Cunge & Wegner ) is introduced to extend the applicability of the model to surcharged conditions in closed conduits. The Preissmann Slot consists of a narrow, frictionless slot of indefinite length placed on the top of the cross-section. The slot width T s is given by:
where A f is the full cross-sectional area and c is the sound celerity in water. The slot width calculated with Equation (13) is such that the increment in storage area is negligible when the water surface enters the slot, and the accuracy of the algorithm is not affected adversely. The elevation of the water in the Preissmann Slot is representative of the piezometric line elevation.
Extension from single channel to networks
The discharge immediately downstream of a network junction is computed as the sum of the discharges from the channel ends upstream. In order to relate the water depths upstream to the water depth downstream, the network junctions are modeled by the following energy balance equation:
where the subscript (up,i) refers to the end cross-section of i-th channel upstream of the junction, and dw refers to the end cross-section of the channel downstream.
The last term at the right-hand side of Equation (13) represents the local head loss for the i-th channel upstream of the junction, and is calculated with the following formula:
where η ¼ 0:1 ÷ 0:3 is a head loss coefficient.
When a junction is met during subcritical profile computations (point a of the water surface profile procedure), the water depth at each cross-section upstream of the junction is computed separately solving Equation (14), and the corresponding total momentum M sb is evaluated. 
Irrigation channel test-case
The first numerical test refers to the simulation of an irrigation channel, where the flow discharge is regulated by means of a gate upstream. The channel, described in 
Moving hydraulic jump test-case
The second test aims at evaluating the ability of the pro- during the simulation, is less satisfactory: nonetheless, the value of the peak water depth is almost the same for the two models. At location x ¼ 960 m, the flow passes from subcritical to supercritical, and vice versa, following the moving hydraulic jump: surprisingly, also in this case the correspondence of the peak water level is very good, while the correspondence of the time arrival and the strength of the hydraulic jump is not unsatisfactory.
In the right panel of Figure The sudden discharge increase causes the pressurization of the second reach, due to its small longitudinal slope. In 
